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1 (a

2
The equation 8x* + 16x3+ 1 = 0 has roots o, B, y and §.

Use a suitable substitution to find a quartic equation with integer coefficients which has roots

8a3, 883, 873 and 858°.

[5]

(b) When the polynomial f(x) = x° + kx* + mx? + 7x — 2 is divided by (x — 2), the remainder is 12.

2 (a

When f(x) is divided by (x + 1), the remainder is 3.

(i) Find k and m.

(ii) Find the remainder when f(x) is divided by (x — 2)(x + 1).
(iii) Show that f'(—1) = —30.

(iv) Find the remainder when f(x) is divided by (x + 1)2.

7.5

. 1
Find the exact value of Lj m dx.

(b) (i) Starting from coshx = %(e‘ + e ), show that cosh2x = 2cosh?x — 1.

(a)

(b)

(4]
(4]
(2]
(5]

(5]

[3]

(ii) Show that the two stationary points on the curve y = 7sinh x — sinh 2x have y-coordinates

343 and —3+/3.

m3
(iii) Show that f (7sinhx — sinh 2x) dx = 29—6.
) o

In this question, z = cos @ + jsin® where 0 is real.

By considering z°, express tan56 in terms of tan#.

. : 1 | .
(i) Write z" +—- and z" — — in simplified trigonometric form.
Z Z '

o 3
1 1 .
(ii) By considering [(z - ;)(Z + —):’ , show that sin®6@ cos’9 = % sin20 — 317 sin 66.

Z
(iii) Hence find the first two non-zero terms of the Maclaurin series for sin? 6 cos*6.
(iv) Given that @7 and higher powers may be neglected, show that

sin3@ cos’6 = 93cos?26.
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[7]

[5]

[6]

(3]

[6]

(3]

(2]



4

3
(a) A curve has polar equation r = ksin48, for 0 =< 6 < &, where £ is a positive constant.

(i) Sketch the curve, using a continuous line for sections where r > 0, and a broken line for
sections where r < 0. [3]

(if) Find the area of one loop of the curve. [5]

‘ 2 42
(b) P(x;,y,) and P,(x,,y,) are two points on the hyperbola x_2 - % = 1. The tangents to the
a

hyperbola at P, and P, meet at the point Q (r, s).

(i) Find (in terms of a, b, x, and y,) the gradient of the hyperbola at P, and hence show that

. . 5E N
the equation of the tangent at P, is Py = 1. [5]
(ii) Show that P, and P, lie on the line with equation r_J; - % = 1. [3]
a

(iii) Given that Q lies on a directrix of the hyperbola, show that the line P,P, passes through
a focus. [4]
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1(a) 1
Let y=8x°, x=1y°
4 M1 Obtaining equation in'y
Y3 +2y+1=0 Al
L4 5 M1 Eliminating fractional powers
-5y =@2y+1 Al
4 3 2 _ Al SR Give B3 for correct answer
y'+64y" +96y" +48y +8=0 5 obtained by another method
(b)(i) |f(2)=12 = 32+16k +8m+14-2=12 M1 Substituting x=2 or x=-1
( 16k +8m=-32) (or long division leading to a
remainder in terms of k and m)
f-)=3 = -1+k-m-7-2=3 Al Both equations correct
(k-m=13) M1 Solving to obtain k or m
k=3, m=-10 Al
4
(i) [f(X)=(x-2)(x+Dg(x)+ax+b B1 May be implied
Putting x=2, 12=2a+b M1 Substituting x=2 or x=-1
Putting x=-1, 3=-a+b Al Both equations correct
a=3,b=6
Remainder is 3x + 6 Al
4
OR by long division
Obtaining quotient M1 All four terms required
Quotient is x° + 4x% — 4x + 4 Al
Obtaining a linear remainder M1
Remainder is 3x + 6 Al
(iil) | f(x) =5x* +12x° —30x% + 7 M1
f'(-1)=5-12-30+7=-30 Al (ag) ,
(V) | f(x) = (x + D)? h(X) + px +q B1
£'() = (x+D)2h'(X) + 2(x + ) h(x) + p M1
Putting x=-1, 3=-p+q Bl
-30=0p Al
Remainder is —30x — 27 Bl
5
OR by long division
Obtaining quotient M1 All four terms required
Quotient is x> + x2 —13x + 25 A2 Give Al for x3+x? + ...
Obtaining a linear remainder M1
Remainder is —30x — 27 Al
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2 (a) 75 M1 For arctan
{ L —1 arctan(—zx )} 1 2X
2 AIAl  |For —— and X
Vs o NN
1 1
= arctan+/3 — arctan—
275 ( V3 J
_ 1 (E_gj M1 Exact evaluation of
275l 3 6 arctan+/3 or arctan%
12475 6043 5
OR M1 Any tan substitution
Let ZX:ﬁtanH Al
1
Integral is J—da Al
2475
Limitsare £7 and 7 M1 For either
. T
Integral is Al
12475
OO | RHs=2[L(e* +e™)]* -1
=1(e®+2+e¥)-1 B1 For (X +e )% =X + 2+ X
=1 +e™) B1 For 1(e** +e7?X) =cosh 2x
= cosh 2x B1 (ag) For completion
3
i
(i) d—y:7coshx—2005h2x B1
dx
=0 when 7coshx —2(2cosh? x—1) =0 M1 Using (i)
4cosh? x—7coshx—2=0
coshx=2 Al (No need to reject —% explicitly)
Two stationary points, at x = +arcosh 2 M1 Two values (may be implied)
sinh x = +y/cosh? x -1 = +y/3 M1 + not required. MO if not exact
y = 7sinh x — 2sinh x cosh x
=sinh x(7 — 2 cosh x)
=£y3(7 - 4) M1 For sinh 2x = () 44/3
+ not required. MO if not exact
=133 Al (ag)
7
(iii) [7coshx—%cosh 2% ]:)”3 B1B1 For 7coshx and — 2 cosh 2x
M1 i
7 1 1 1 1 Exact evaluation of
=—|3+=|—-——| 9+—= || T—= cosh(In3) or cosh(2In3)
2 3) 4 9 2 )
2 M1 For —(7-5
= 9 Al (ag) Exact value correctly obtained
5
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3(a) €0s56 + jsin50 = (cos @ + jsin 6)° M1 For statement of deMoivre’s theorem
- . 5
=c® +5jc*s —10c%? —10jc?s® + 5es* + js° |Al or exPandlng (C_+ JS)_
s sin50 5cls 106283 + ¢ M1 Equating real or imaginary parts
A0 = 0550 & — 100332 + Bes? Al sin50 and cos56 both correct
_ Stano _10tan® @ + tan® @ ,'XIll Writing in terms of tan @
1-10tan® @ + 5tan* @ 6
(b)(i) ) M1 For z" =cosné + jsinn@
2" +—=2cosnd Al
Zn
S D
' ——=2jsinnd Al
2" 3
(i) 1 TP
(z——j(z+—j =—64jsin®#cos® 0 B1
z z
1y 3 1
(zz——zJ =20 -3+ - M1A1
z ¢z
= 2jsin60—6jsin 260 M1A1
sin® 6 cos® 6 = 2 sin 26— sin 66 Al (ag)
6
— 20 - ——+———... Bl i i
2 [ 3 5 J Expansion of sin 20
1 60)° (60)°
—E[ 69—%+%—...} B1 Expansion of sin 66
; ; If BO, give B1 for both expansions
correct up to 6°
=6°-260° + B1
3
_ 3 i 1
OR f(0)= 35N 20 — +sin 60
&) =6, £ (0)=-240 B1B1
f(0) = 6% —20° + ... B1 Accept coefficients in any correct form
(iv) 20)?
0% cos20 = 62 1- 2|) +.. M1 Using expansion of cos 20
=0°-20°+... Al For completion
Hence sin®#cos® 6 ~ 6° cos 260 2
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focus

4(2a)(i)
B Bl 2 loops correct
> {‘2 B1 4 loops correct
7 - « - -
75 = o ’ .
l' ; = Bl Fully correct, continuous and broken
P lines, and no extra loops
1 ?
W
(i) z M1 For integral of sin® 46
Area is J %(k sin 40)2d9 Al Correct integral form
0
T s
=%k2J4(1—0058¢9)d6' =%k2[¢9—%sin89 }4 B1B1 For [sin*40d6 =16 - Lsingy
0 0
-1 2 2
=57k Al Accept 0.196k
(0)D | 2x 2y dy _
a2 b2 dx M1
2
Gradient at P, is ble Al
ay
Tangentis y —y; =——(X— %)
ay,
Xy X'y
2 2 2 2 2 2
fx b® a® b M1 Using L - 311
XX Ny g Al (ag) b
a’> b®
(ii) . Xr ys
Q lies on tangent at P; so —Z—b—2=1 Bl
a
XX Y,y
Tangentat P, is —%- — 222 =1
27 a2 p?
Q lies on tangent at P, so Xizr —% =1 B1
a
Hence P, (x;, y;) and P, (X, , y,) both lie on the
. TX s .
line — _b_g = B1 (ag) For completion
a
iii .
(i) Q lies on directrix < r —+2 Bl + not required
e
P,P, passes through focus (+ ae, 0) if and only if
2 P raeg ( ) Y M1 Using equation of PP,
+—-0=1, Al + not required
a
. a
ie. r=t+—
e
Hence, if Q lies on a directrix, P,P, passes through a
Al Must consider both directrices & foci
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